On the weak Leopoldt conjecture and coranks of Selmer groups of
  supersingular abelian varieties in $p$-adic Lie extensions by Lim, Meng Fai
ar
X
iv
:2
00
3.
08
52
7v
1 
 [m
ath
.N
T]
  1
9 M
ar 
20
20
On the weak Leopoldt conjecture and coranks of Selmer groups of
supersingular abelian varieties in p-adic Lie extensions
Meng Fai Lim∗
Abstract
Let A be an abelian variety defined over a number field F with supersingular reduction at all primes of F
above p. We establish an equivalence between the weak Leopoldt conjecture and the expected value of the
corank of the classical Selmer group of A over a p-adic Lie extension (not neccesasily containing the cyclotomic
Zp-extension). As an application, we obtain the exactness of the defining sequence of the Selmer group. In the
event that the p-adic Lie extension is one-dimensional, we show that the dual Selmer group has no nontrivial
finite submodules. Finally, we show that the aforementioned conclusions carry over to the Selmer group of a
non-ordinary cuspidal modular form.
Keywords and Phrases: Supersingular abelian variety, Selmer groups, weak Leopoldt conjecture, non-ordinary
modular forms.
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1 Introduction
Throughout, p will always denote a fixed odd prime. Let A be abelian variety defined over a number
field F which has good supersingular reduction at all primes above p. Let F∞ be a Galois extension
of F such that G = Gal(F∞/F ) is a compact pro-p p-adic Lie group with no p-torsion, that F∞/F is
unramified outside a set of finite primes and is ramified at every prime of F above p. Let S be a finite set
of primes of F which contains the primes above p, the infinite primes, the primes at which the abelian
variety A has bad reduction and the primes that are ramified in F∞/F . For every algebraic (possibly
infinite) extension L of F contained in FS , write GS(L) = Gal(FS/L), where FS is the maximal algebraic
extension of F unramified outside S. One can define the classical p-primary Selmer group Sel(A/F∞)
of A over F∞ which is endowed with a Zp[[G]]-module structure. We now consider the following two
statements.
(A1) H2(GS(F∞), A[p
∞]) = 0.
(A2) corankZp[[G]]
(
Sel(A/F∞)
)
= g|F : Q|, where g is the dimension of the abelian variety A.
Statement (A1) is usually coined as the weak Leopoldt conjecture. When the extension F∞ contains
the cyclotomic Zp-extension, statement (A2) is a special case of a conjecture of Schneider [40] which is
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a generalization of a conjecture of Mazur [29]. In this note, we shall show that the two statements are
equivalent.
Theorem (Theorem 2.2). Let A be a g-dimensional abelian variety defined over a number field F which
has good supersingular reduction at all primes above p. Let F∞ be a Galois extension of F such that
Gal(F∞/F ) is a compact pro-p p-adic Lie group with no p-torsion, that F∞/F is unramified outside a
set of finite primes and is ramified at every prime of F above p.
Then H2(GS(F∞), A[p
∞]) = 0 if and only if
corankZp[[G]]
(
Sel(A/F∞)
)
= g|F : Q|.
In the situation that F∞ contains the cyclotomic Zp-extension, the implication (A1) ⇒ (A2) has
been observed in [5] and somewhat implicitly in [7, 20, 31]. When F∞ is the anti-cyclotomic Zp of an
imaginary field, such equivalence is also examined in [4, 27]. One point we like to stress is that our
extension F∞ is not assumed to contain the cyclotomic Zp-extension. This does not correlate to the
situation when the abelian variety has some primes above p which is not a supersingular prime. For
instance, if we consider an elliptic curve E defined over an imaginary quadratic field K that has good
ordinary reduction at all primes above p, a conjecture of Mazur [29] predicts that the Selmer group of E
over the cyclotomic Zp-extension of K is cotorsion (this is a theorem of Kato [18] if E is defined over Q).
On the other hand, if one considers the Selmer group of E over the anticyclotomic Zp-extension of K, the
said Selmer group can be non-cotorsion (for instance, see [2, 30]). Our theorem is essentially saying that
such disparity of the corank of the Selmer group of a supersingular abelian variety in different classes of
p-adic Lie extensions will not happen (modulo weak Leopoldt).
Another point we like to mention is that when some of the prime above p is not a supersingular
prime of A, one usually has an assertion saying corank of the Selmer group over an p-adic Lie extension
takes a certain predicted value if and only if the defining sequence for the Selmer group is short exact
and the weak Leopoldt conjecture is valid (for instance, see [5, Theorem 4.12] or [24, Proposition 3.3]).
Pertaining to this aspect, our result is saying that for supersingular abelian variety, the short exactness
of the defining sequence does not come into play.
We now give an outline of the paper. The above mentioned result will be proved in Section 2. We
shall also give various sufficient criterions to verify the validity of (A1) and (A2) (see Propositions 2.5
and 2.6, and Corollary 2.9). In Section 3, we return to study the question of the exactness of the defining
sequence of the Selmer group. Namely, we show that this is a consequence of (A1) (see Proposition
3.1). This again seems to be a phenomenon reserved for supersingular abelian varieties. We then apply
this exactness property to show that the dual Selmer group has no non-zero pseudo-null submodules (see
Theorem 4.1) in Section 4. This is an exact analog of a result of Greenberg [14, Proposition 4.14], where
he obtained the same conclusion for the Selmer group of an elliptic curve with good ordinary reduction at
all primes above p. We also note that our result refines [23, Theorem 2.14], where they establish a similar
conclusion with slightly more stringent hypothesis. Finally, in Section 5, we consider the Selmer group
of a non-ordinary modular form over a Zp-extension and show that the aforementioned results carry over
to this context.
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2 Main result
Let A be a g-dimensional abelian variety defined over a number field F which has supersingular reduction
at all primes above p. Let v be a prime of F . For every finite extension L of F , we define
Jv(A/L) =
⊕
w|v
H1(Lw, A)[p
∞],
where w runs over the (finite) set of primes of L above v. If L is an infinite extension of F , we define
Jv(A/L) = lim−→
L
Jv(A/L),
where the direct limit is taken over all finite extensions L of F contained in L. For any algebraic (possibly
infinite) extension L of F , the p-primary Selmer group of A over L is defined to be
Sel(A/L) = ker
(
H1(L, A[p∞]) −→
⊕
v
Jv(A/L)
)
,
where v runs through all the primes of F .
Let S be a finite set of primes of F which contains the primes above p, the infinite primes, the primes
at which the abelian variety A has bad reduction and the primes that are ramified in F∞/F . Denote by
FS the maximal algebraic extension of F unramified outside S. For every algebraic (possibly infinite)
extension L of F contained in FS , write GS(L) = Gal(FS/L). The following alternative equivalent
description of the Selmer group
Sel(A/L) = ker
(
H1(GS(L), A[p
∞])
λS(F∞)
−→
⊕
v∈S
Jv(A/L)
)
is well-known (see [32, Chap. I, Corollary 6.6]). Denote by X(A/L) the Pontryagin dual of Sel(A/L).
We now introduce the extension which we are interested in.
Definition 2.1. A Galois extension F∞ of F is said to be a strongly pro-p p-adic Lie extension of F if
all of the following statements hold.
(1) G := Gal(F∞/F ) is a compact pro-p p-adic Lie group with no p-torsion.
(2) The extension F∞ is unramified outside a finite set of primes of F .
(3) All the primes of F above p are ramified in F∞/F .
Before continuing our discussion, we quickly review the notion of Zp[[G]]-rank. Since the group
G = Gal(F∞/F ) is a compact pro-p p-adic Lie group without p-torsion, it follows that Zp[[G]] is an
3
Auslander regular ring (cf. [41, Theorems 3.26]) and has no zero divisors (cf. [34]). Consequently, the
ring Zp[[G]] admits a skew field Q(G) which is flat over Zp[[G]] (see [12, Chapters 6 and 10] or [21, Chapter
4, §9 and §10]). This allows us to define the notion of Zp[[G]]-rank of a finitely generated Zp[[G]]-module
M , which is given by
rankZp[[G]](M) = dimQ(G)(Q(G)⊗Zp[[G]] M).
If N is a discrete Zp[[G]]-module such that its Pontryagin dual N
∨ is finitely generated over Zp[[G]], we
write
corankZp[[G]](N) = rankZp[[G]](N
∨).
We turn back to our arithmetic situation. Consider the following two statements as stated in the
introduction.
(A1) H2
(
GS(F∞), A[p
∞]
)
= 0.
(A2) corankZp[[G]]
(
Sel(A/F∞)
)
= g|F : Q|, where g is the dimension of A.
As mentioned in the introduction, the first statement is usually called the weak Leopoldt conjecture.
When F∞ contains the cyclotomic Zp-extension of F , statement (A2) is a special case of a conjecture
of Schneider [40] (also see [5, 36]). In this note, we shall work with general extensions which may not
contain the cyclotomic Zp-extension. The following is the theorem as stated in the introduction.
Theorem 2.2. Let A be a g-dimensional abelian variety defined over a number field F which has super-
singular reduction at all primes above p. Let F∞ be a strongly pro-p p-adic extension of F .
Then we have H2(GS(F∞), A[p
∞]) = 0 if and only if
corankZp[[G]]
(
Sel(A/F∞)
)
= g|F : Q|.
Before proving the theorem, we require a preparatory lemma.
Lemma 2.3. For every v|p, we have Jv(A/F∞) = 0. For every v ∤ p, Jv(A/F∞) is cotorsion over
Zp[[G]].
Proof. For each v ∈ S, write w for a prime of F∞ above v. Now suppose that v|p. By [6, P. 150], we
have the following short exact sequence
0 −→ Cv −→ A[p
∞] −→ Dv −→ 0
of Gal(F¯v/Fv)-modules, where Cv and Dv are cofree Zp-modules characterized by the facts that Cv is
divisible and that Dv is the maximal quotient of A[p
∞] by a divisible subgroup such that Gal(F¯v/F
ur
v )
acts on Dv via a finite quotient. By the hypothesis on F∞, the prime v is infinitely ramified in F∞
and so F∞,w/Fv is infinitely ramified. Therefore, we may apply [6, Proposition 4.8] to conclude that
H1(F∞,w, A)[p
∞] ∼= H1(F∞,w, Dv). Since the abelian variety A is assumed to have supersingular reduc-
tion at v, we have Dv = 0 and so H
1(F∞,w, A)[p
∞] = 0. This in turn implies that Jv(A/F∞) = 0.
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Now, suppose that v does not divide p. We first consider the situation that v does not decompose
completely in F∞/F . Write Gw for the decomposition group of w in G which is nontrivial by our
assumption. Since G has no p-torsion, it follows that the dimension of Gw is at least one. Thus, we have
Jv(A/F∞) = Coind
G
Gw
(
H1(F∞,w , A[p
∞])
)
.
By [36, Theorem 4.1], H1(F∞,w, A[p
∞]) is cotorsion over Zp[[Gw]] and hence Jv(A/F∞) is cotorsion over
Zp[[G]]. We now suppose that the prime v decomposes completely in F∞/F . In this case, one has
H1(F∞,w, A[p
∞]) = H1(Fv, A[p
∞]), By the Tate duality (cf. [32, Chap. I, Corollary 3.4]), the latter is
isomorphic to lim
←−
m
At(Fv)/p
m, where At is the dual abelian variety of A. Now, a well-known theorem of
Mattuck [28] tells us that the group At(Fv) is finitely generated over Zl, where l 6= p. It follows from
this that lim
←−
m
At(Fv)/p
m is finite. In conclusion, we see that for large enough integer t, pt annihilates
H1(F∞,w, A[p
∞])∨ and hence Jv(A/F∞)
∨. Thus, Jv(A/F∞) is also cotorsion over Zp[[G]] in this case.
This completes the proof of the lemma.
We can now give the proof of Theorem 2.2.
Proof of Theorem 2.2. By virtue of Lemma 2.3 and the finiteness of S, we see that⊕
v∈S
Jv(A/F∞)
is cotorsion over Zp[[G]]. It then follows from this that
corankZp[[G]]
(
Sel(A/F∞)
)
= corankZp[[G]]
(
H1(GΣ(F∞), A[p
∞])
)
.
On the other hand, a standard Euler-characteristics argument (cf. [13, Proposition 3] or [36, Theorem
3.2]) yields
corankZp[[G]]
(
H1(GΣ(F∞), A[p
∞])
)
− corankZp[[G]]
(
H2(GΣ(F∞), A[p
∞])
)
= g|F : Q|.
Combining these calculations, we have that
rankZp[[G]]
(
X(A/F∞)
)
= g|F : Q|
if and only if one has
corankZp[[G]]
(
H2(GΣ(F∞), A[p
∞])
)
= 0.
On the other hand, it is well-known that H2(GΣ(F∞), A[p
∞])∨ is a submodule of a projective Zp[[G]]-
module (cf. [36, Diagram 2.1]) and hence must be torsionfree over Zp[[G]]. Hence the latter corank
equality is precisely equivalent to H2(GS(F∞), A[p
∞]) = 0. This completes the proof of the theorem.
Remark 2.4. The proof is inspired by [5, Corollary 1.9]. To the best of the author’s knowledge, the
implication of the theorem does not hold in the event that E has non-supersingular reduction at some
prime above p. One usually needs an additional input on the surjectivity of ρ (for instance, see [5,
Theorem 4.12] or [24, Proposition 3.3]).
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For the remainder of this section, we discuss some situations, where one can establish the validity of
(A1) and (A2). As a start, we have the following observation which goes back to [5, Corollary 1.9].
Proposition 2.5. Let A be a g-dimensional abelian variety defined over a number field F which has
supersingular reduction at all primes above p. Let F∞ be a strongly pro-p p-adic extension of F such that
Gal(FS/F∞) acts trivially on A[p
∞].
Then both assertions (A1) and (A2) hold.
Proof. It follows from an observation of Ochi (see [5, Theorem 2.10] or [36, Proof of Corollary 4.8]) that
under the hypothesis that Gal(FS/F∞) acts trivially on A[p
∞], one has H2(GS(F∞), A[p
∞]) = 0. The
conclusion of the proposition now follows from Theorem 2.2.
We give another criterion for the validity of (A1) and (A2).
Proposition 2.6. Let A be a g-dimensional abelian variety defined over a number field F which has good
supersingular reduction at all primes above p. Let F∞ be a strongly pro-p p-adic extension of F such that
Gal(F∞/F ) is solvable. Suppose that H
2(GS(F ), A[p
∞]) = 0.
Then we have H2(GS(F∞), A[p
∞]) = 0 and
corankZp[[G]]
(
Sel(A/F∞)
)
= g|F : Q|.
Write TpA for the Tate module of the abelian varietyA. DefineH
i
Iw(F∞/F, TpA) = lim←−
L
Hi(GS(L), TpA),
where the inverse limit is taken over all finite subextensions of F∞/F and the transition maps are given
by the corestriction maps. We now prove the following lemma which will be required in the proof of
Proposition 2.6.
Lemma 2.7. Let A be a g-dimensional abelian variety defined over a number field F which has good
supersingular reduction at all primes above p. Let F∞ be a strongly pro-p p-adic extension of F . Then
H2(GS(F∞), A[p
∞]) = 0 if and only if H2Iw(F∞/F, TpA) is torsion over Zp[[G]].
Proof. This follows from a standard argument appealing to the spectral sequence of Jannsen (for instance,
see [36, Theorem 3.3] or [25, Lemma 7.1]). For the convenience of the readers, we supply the argument
here. Consider the spectral sequence of Jannsen
Ei,j2 = Ext
i
Zp[[G]]
(
Hj(GS(F∞), A[p
∞])∨,Zp[[G]]
)
=⇒ Hi+jIw (F∞/F, TpA)
(cf. [17, Theorem 1]). As the ring Zp[[G]] has finite projective dimension, the spectral sequence is
bounded. Therefore, the terms Ei,jm must stabilize for large enough m. In particular, we have that E
i,j
∞ is
a subquotient of Ei,j2 . By [41, Proposition 3.5(iii)(a)], the terms E
i,j
2 , and hence E
i,j
∞ , are torsion Zp[[G]]-
modules for i 6= 0. Since H2Iw(F∞/F, TpA) has a finite filtration with factors E
i,2−i
∞ for i = 0, 1, 2, this in
turn implies that rankZp[[G]]H
2
Iw(F∞/F, TpA) = rankZp[[G]]E
0,2
∞ . On the other hand, one sees easily that
the edge map E0,2∞ → E
0,2
2 is injective with cokernel isomorphic to a subquotient of
Ext2
Zp[[G]]
(
H1(GS(F∞), A[p
∞])∨,Zp[[G]]
)
⊕ Ext3
Zp[[G]]
(
H0(GS(F∞), A[p
∞])∨,Zp[[G]]
)
.
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Again, it follows from [41, Proposition 3.5(iii)(a)] that these are torsion over Zp[[G]]. Therefore, we may
conclude that
rankZp[[G]]H
2
Iw(F∞/F, TpA) = rankR[[G]]HomZp[[G]]
(
H2(GS(F∞), A[p
∞])∨,Zp[[G]]
)
.
It then follows that H2Iw(F∞/F, TpA) is a torsion Zp[[G]]-module if and only if
HomZp[[G]]
(
H2(GS(F∞), A[p
∞])∨,Zp[[G]]
)
is a torsion Zp[[G]]-module. As seen in the proof of Theorem 2.2, H
2(GS(F∞), A[p
∞])∨ is Zp[[G]]-
torsionfree. Hence the latter statement holds if and only if H2(GS(F∞), A[p
∞]) = 0. This proves the
lemma.
Remark 2.8. By a similar argument to that in Lemma 2.7, one can also show thatH2(GS(F ), A[p
∞]) = 0
if and only if H2(GS(F ), TpA) is finite.
We can now prove Proposition 2.6.
Proof of Proposition 2.6. By the hypothesis that H2(GS(F ), A[p
∞]) = 0 and the above remark, we have
that H2(GS(F ), TpA) is finite. By considering the initial term of the homological spectral sequence
Hi
(
G,H−jIw (F∞/F, TpA)
)
=⇒ H−i−j
(
GS(F ), TpA
)
(cf. [26, Theorem 3.1.8]), we have H2Iw(F∞/F, TpA)G
∼= H2(GS(F ), TpA). Since G is solvable, it follows
from [1, pp 229 Theorem] and the above isomorphism that H2Iw(F∞/F, TpA) is torsion over Zp[[G]].
By Lemma 2.7, the latter is equivalent to H2(GS(F∞), A[p
∞]) = 0. The remaining conclusion of the
proposition then follows from Theorem 2.2.
We end the section recording the following corollary.
Corollary 2.9. Retain the assumptions of the preceding theorem. Suppose further that the following
assertions hold.
(a) Gal(F∞/F ) is solvable.
(b) The p-primary part of the Tate-Shafarevich group X(A/F )[p∞] is finite.
(c) rankZ(A(F )) ≤ 1.
Then both statements (A1) and (A2) are valid.
Proof. By a similar argument to that in [7, Theorem 12], one can show that H2(GS(F ), A[p
∞]) = 0 under
the validity of (b) and (c). The conclusion then follows from an application of Proposition 2.6.
3 Surjectivity of the localisation map
Retain the notation of the previous section. We will study the surjectivity of the localization map in the
definition of the Selmer groups. In subsequent discussion, we write At for the dual abelian variety of A.
Our result is as follow.
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Proposition 3.1. Let A be a g-dimensional abelian variety defined over a number field F which has good
supersingular reduction at all primes above p. Let F∞ be a strongly pro-p p-adic extension of F such that
H2(GS(F∞), A[p
∞]) = 0. In the event that Gal(F∞/F ) ∼= Zp, suppose further that A
t(F∞)[p
∞] is finite.
Then we have a short exact sequence
0 −→ Sel(A/F∞) −→ H
1
(
GS(F∞), A[p
∞]
) ρ
−→
⊕
v∈S
Jv(A/F∞) −→ 0.
Proof. By [37, Proposition A.3.2], we have an exact sequence
0 −→ Sel(A/F∞) −→ H
1
(
GS(F∞), A[p
∞]
) ρ
−→
⊕
v∈S
Jv(A/F∞) −→ S(A
t/F∞)
∨ −→ 0,
where S(At/F∞) is a Zp[[G]]-submodule of H
1
Iw(F∞/F, TpA
t) and the final zero follows from the hypoth-
esis that H2(GS(F∞), A[p
∞]) = 0. By Lemma 2.3,
⊕
v∈S
Jv(A/F∞) is cotorsion over Zp[[G]]. It follows
from this and the above exact sequence that S(At/F∞) is torsion over Zp[[G]]. On the other hand, by
considering the low degree terms of the spectral sequence of Jannsen
Exti
Zp[[G]]
(
Hj(GS(F∞), A
t[p∞])∨,Zp[[G]]
)
=⇒ Hi+jIw (F∞/F, TpA
t)
(cf. [17, Theorem 1]), we obtain the following exact sequence
0 −→ Ext1
Zp[[G]]
(
At(F∞)[p∞])∨,Zp[[G]]
)
−→ H1Iw(F∞/F, TpA
t) −→ Ext0
Zp[[G]]
(
H1(GS(F∞), A
t[p∞])∨,Zp[[G]]
)
.
Now, if dimG ≥ 2 and noting that At(F∞)[p∞])∨ is finitely generated over Zp, it follows from [36,
Proposition 2.2] that Ext1
Zp[[G]]
(
At(F∞)[p∞])∨,Zp[[G]]
)
= 0. In the event that dimG = 1, it follows
from the extra hypothesis of the proposition that At(F∞)[p∞])∨ is finite and so is pseudo-null over
Zp[[G]]. Hence either way, the leftmost term vanishes which in turn implies that H
1
Iw(F∞/F, TpA
t)
injects into an Ext0-term. Since this latter term is a reflexive Zp[[G]]-module by [41, Proposition 3.11], it
follows that H1Iw(F∞/F, TpA
t) must be Zp[[G]]-torsionfree. Consequently, so is S(A
t/F∞). But as seen
above, S(At/F∞) is also torsion over Zp[[G]]. Hence we must have S(A
t/F∞) = 0 and so the map ρ is
surjective as required.
We record a corollary of the proposition.
Corollary 3.2. Let A be a g-dimensional abelian variety defined over a number field F which has good
supersingular reduction at all primes above p. Let F∞ be a strongly pro-p p-adic extension of F such that
G = Gal(F∞/F ) is solvable. In the event that Gal(F∞/F ) ∼= Zp, suppose further that A
t(F∞)[p
∞] is
finite. Assume that H2(GS(F ), A[p
∞]) = 0. Then we have a short exact sequence
0 −→ Sel(A/F∞) −→ H
1(GS(F∞), A[p
∞])
ρ
−→
⊕
v∈S
Jv(A/F∞) −→ 0.
Proof. This follows from a combination of Propositions 2.6 and 3.1.
We end with the following remark.
8
Remark 3.3. We say a bit on the extra condition of At(F∞)[p
∞] being finite when dimG = 1. In the
case when F∞ is the cyclotomic Zp-extension, the finiteness is well-known (see [16, 39]). For an arbitrary
Zp-extension, Wingberg has worked out precisely when this finiteness property holds for a simple abelian
variety (see [42, Theorem 4.3]). For a general abelian variety, he has also established that the finiteness
fails for only finitely many Zp-extensions (see [42, Theorem 3.5]). In view of these, the extra finiteness
assumption imposed when dimG = 1 seems mild.
4 Non-existence of finite submodules
Retain the notations and assumptions from the previous sections. In this section, we prove an analogous
result of Greenberg [14, Proposition 4.14], where he obtained the conclusion for the Selmer group of an
elliptic curve with good ordinary reduction at all primes above p. We also note that our result refines [23,
Theorem 2.14], where they also obtained the same conclusion for an elliptic curve with good supersingular
reduction at all primes above p.
Theorem 4.1. Let A be a g-dimensional abelian variety defined over a number field F which has good
supersingular reduction at all primes above p. Let F∞ be a strongly pro-p p-adic extension of F of
dimension one. Suppose that At(F∞)[p
∞] = 0 and that H2(GS(F∞), A[p
∞]) = 0. Then X(A/F∞) has
no non-trivial finite Zp[[G]]-submodule.
Remark 4.2. For dimG ≥ 2, the question of X(A/F∞) having no non-trivial pseudo-null Zp[[G]]-
submodule is not so interesting (see [35, Line after Theorem 5.1]). In fact, in this situation, one usually
has Sel(A/F∞) = H
1(GS(F∞), A[p
∞]) and it is well-known that H1(GS(F∞), A[p
∞])∨ has no non-trivial
pseudo-null Zp[[G]]-submodule under the validity of weak Leopoldt (see [35, Theorem 4.7]). Therefore,
we only focus on the dimension 1 case in this article.
We first prove a special case of Theorem 4.1.
Proposition 4.3. Let A be a g-dimensional abelian variety defined over a number field F which has
good supersingular reduction at all primes above p. Let F∞ be a strongly pro-p p-adic extension of F with
Gal(F∞/F ) ∼= Zp. Suppose that A
t(F∞)[p
∞] = 0 and that H2(GS(F ), A[p
∞]) = 0. Then X(A/F∞) has
no non-trivial finite Zp[[G]]-submodule.
We emphasis the difference lies in that we are assuming H2(GS(F ), A[p
∞]) = 0 in Proposition 4.3
which is a stronger assumption that H2(GS(F∞), A[p
∞]) = 0 as assumed in Theorem 4.1. As a start, we
establish the following lemma.
Lemma 4.4. Retain the assumptions of Proposition 4.3. Then the following assertions are valid.
(a) H1
(
GS(F ), TpA
t
)
is Zp-torsionfree.
(b) H1
(
G,H1(GS(F∞), A[p
∞])
)
= 0
Proof. By considering the long cohomological exact sequence of the following short exact sequence
0 −→ TpA
t ·p−→ TpA
t −→ At[p] −→ 0,
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we obtain
At(F )[p] −→ H1(GS(F ), TpA
t)
·p
−→ H1(GS(F ), TpA
t).
Since At(F )[p] = 0 by hypothesis, we have that H1(GS(F ), TpA
t) has no p-torsion and this proves
assertion (a).
Taking dimG = 1 into account, the spectral sequence
Hi
(
G,Hj(GS(F∞), A[p
∞])
)
=⇒ Hi+j(GS(F ), A[p
∞])
yields an isomorphism
H1
(
G,H1(GS(F∞), A[p
∞])
)
∼= H2(GS(F ), A[p
∞])
where the latter vanishes by hypothesis. Hence this proves assertion (b).
We can now prove Proposition 4.3.
Proof of Proposition 4.3. By [37, Proposition A.3.2], we have an exact sequence
0 −→ Sel(A/F ) −→ H1
(
GS(F ), A[p
∞]
)
−→
⊕
v∈S
Jv(A/F ) −→ S(A
t/F )∨ −→ 0,
where S(At/F ) is a Zp-submodule of H
1(GS(F ), TpA
t) and the final zero follows from the hypothesis
that H2(GS(F ), A[p
∞]) = 0. On the other hand, it follows from Corollary 3.2 that there is a short exact
sequence
0 −→ Sel(A/F∞) −→ H
1(GS(F∞), A[p
∞]) −→
⊕
v∈S
Jv(A/F∞) −→ 0.
Taking G-invariant and taking Lemma 4.4(b) into account, we have the following exact sequence
0 −→ Sel(A/F∞)
G −→ H1(GS(F∞), A[p
∞])G −→
(⊕
v∈S
Jv(A/F∞)
)G
−→ H1
(
G, Sel(A/F∞)
)
−→ 0.
All of these fit into the following commutative diagram
H1(GS(F ), A[p
∞])

//
⊕
v∈S
Jv(A/F )
g

// S(At/F )∨
h

// 0
H1(GS(F∞), A[p
∞])G //
(⊕
v∈S
Jv(A/F∞)
)G
// H1
(
G, Sel(A/F∞)
)
// 0
with exact rows, where the leftmost two vertical maps are the restriction maps on cohomology and the
rightmost map h is in turn induced by these restriction maps. Since dimG = 1, the map g is surjective
and hence so is the map h. But as S(At/F ) is a Zp-submodule of H
1(GS(F ), TpA
t), it follows from
Lemma 4.4(a) that S(At/F )∨ is p-divisible. It then follows from this and the surjectivity of h that
H1
(
G, Sel(A/F∞)
)
is also p-divisible. Therefore, we may apply [33, Proposition 5.3.19(i)] to obtain the
required conclusion of the proposition.
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We now come to the proof of Theorem 4.1. Before continuing, we recall the definition of the fine
Selmer group over F (cf. [8, 25])
R(A/F ) = ker
(
H1(GS(F ), A[p
∞]) −→
⊕
v∈S
H1(Fv, A[p
∞])
)
.
One has a similar definition over the intermediate extensions of F∞/F . The fine Selmer group
R(A/F∞) is then defined to be the direct limit of these intermediate fine Selmer groups. Fix an iso-
morphism κ : G ∼= 1 + pZp. For each s, we write Zp(s) for the abelian group Zp with a G-action given
by γ · x = κ(γ)x for γ ∈ G and x ∈ Zp. For a G-module M , write M(s) = M ⊗ Zp(s), where G acts
diagonally. To simplify notation, we shall write As := A[p
∞](s). We define R(As/F ) and R(As/F∞) by
replacing A[p∞] by As in the definition of the fine Selmer groups. Since GS(F∞) acts trivially on Zp(s),
we have R(As/F∞) = R(A/F∞)(s).
The Selmer group of As over F∞ (denoted by Sel(As/F∞)) is defined similarly, with the only slight
difference in that we set Jv(As/F∞) = 0 for primes above p. Taking Lemma 2.3 into account, we also
have Sel(As/F∞) = Sel(A/F∞)(s).
Lemma 4.5. Retain the assumptions of Theorem 4.1. Then there exists s ∈ Zp such that H
2(GS(F ), As) =
0.
Proof. By Lemma 2.7 and the hypothesis that H2(GS(F∞), A[p
∞]) = 0, it follows that H2Iw(F∞/F, TpA
t)
is torsion over Zp[[G]]. Since R(A/F∞)
∨ is contained in H2Iw(F∞/F, TpA
t) by the Poitou-Tate sequence,
it follows that R(A/F∞) is also cotorsion over Zp[[G]]. As seen in the proof of [14, Proposition 4.14], we
can find s ∈ Zp such that R(As/F∞)
G =
(
R(A/F∞)(s)
)G
is finite. A standard argument then shows
that the kernel of the map
r : R(As/F ) −→ R(As/F∞)
G
is contained in H1
(
G,As(F∞)
)
. Now since A[p∞]t(F∞) = 0 by hypothesis, and A and A
t are isogenous,
it follows that A[p∞](F∞) is finite which in turn implies that As(F∞) is also finite. Consequently, the
kernel of the map r is finite. It follows from this that R(As/F ) is also finite. Now, combining this latter
finiteness observation with a similar argument to that in [15, Lemma 3.3], we obtain the conclusion of
lemma.
We now come to the proof of Theorem 4.1.
Proof of Theorem 4.1. By Lemma 4.5, we can find a s ∈ Zp such that H
2(GS(F ), As) = 0. Now since
At(F∞)[p
∞] = 0 by hypothesis, it follows that we also have At1−s(F∞) = 0. We can now imitate the
proof of Proposition 4.3 to establish that Sel(As/F∞)
∨ has no non-trivial finite Zp[[G]]-submodule. It
then follows from this that Sel(A/F∞)
∨ also has no non-trivial finite Zp[[G]]-submodule.
5 Non-ordinary modular forms
Let f =
∑
anq
n be a normalised new cuspidal modular eigenform of even weight k ≥ 2, level N and
nebentypus ǫ. We shall always assume that the (odd) prime p does not divide the level N and that the
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coefficient ap is not a p-adic unit (which is to say f is non-ordinary). Let Kf be the number field obtained
by adjoining all the Fourier coefficients of f to Q. Throughout, we shall fix a prime p of Kf above p.
We then let Vf denote the corresponding two-dimensional Kf,p-linear Galois representation attached to
f in the sense of Deligne [9]. Writing O = OKf,p for the ring of integers of Kf,p, we denote by Tf the
Gal(Q¯/Q)-stable O-lattice in Vf as defined in [18, Section 8.3]. One then sets Af = Vf/Tf . Note that
Af is isomorphic to Kf,p/O ⊕ Kf,p/O as O-modules. Fix an integer j such that 1 ≤ j ≤ k − 1. For
any Gal(Q¯/Q)-module M , we shall write M(j) for M ⊗χj , where χ is the p-adic cyclotomic character of
Gal(Q¯/Q). All of these fit into the following short exact sequence
0 −→ Tf(j)
ι
−→ Vf (j)
pi
−→ Af (j) −→ 0.
Let F be a number field such that p splits completely in F/Q, and let F∞ be a Zp-extension of F
which is totally ramified at every prime of F above p. A typical (and important) example of F∞ is the
cyclotomic Zp-extension. Another example is the anti-cyclotomic Zp-extension of an imaginary quadratic
field, whose class number is not divisible by p.
From now on, S will denote a finite set of primes of F containing those dividing pN , the ramified
primes of F/Q and all the infinite primes. Let L be a finite extension of F contained in F∞. Following
Bloch-Kato [3, (3.7.1), (3.7.2)], we define
H1f
(
Lw, Vf (j)
)
=

ker
(
H1(Lw, Vf (j)) −→ H
1(Lw, V ⊗ Bcris)
)
if w divides p,
ker
(
H1(Lw, Vf (j)) −→ H
1(Lurw , Vf (j))
)
if w does not divide p,
where Bcris is the ring of periods of Fontaine [10, 11] and L
ur
w denotes the maximal unramified extension
of Lw. Set H
1
f (Lw, Af (j)) = π∗
(
H1f (Lw, Vf (j))
)
.
If v is a prime of F , we then write
Jv
(
Af (j)/L
)
=
⊕
w|v
H1(Lw, Af (j))
H1f (Lw, Af (j))
and define
Jv
(
Af (j)/F∞
)
= lim
−→
L
Jv(Af (j)/L),
where the limit is taken over finite extension L of F contained in F∞.
The Selmer group of f over F∞ is defined by
Sel
(
Af (j)/F∞
)
= ker
(
H1
(
GS(F∞), Af (j)
)
−→
⊕
v∈S
Jv
(
Af (j)/F∞
))
.
This has a natural O[[G]]-module structure, where G = Gal(F∞/F ). Denote by X
(
Af (j)/F∞
)
the
Pontryagin dual of Sel
(
Af (j)/F∞
)
.
In subsequent discussion, we write T ∗f = HomKf,p(Af ,Kf,p/O), V
∗
f = HomKf,p(Vf ,Kf,p) and A
∗
f =
HomKf,p(Tf ,Kf,p/O). We can now prove the following analog of Theorem 2.2.
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Theorem 5.1. Retain the settings as above. Suppose further that for every prime v ∈ S that splits
completely in F∞/F , one has H
0(Fv, V
∗
f (1− j)) = 0. Then we have H
2(GS(F∞), Af (j)
)
= 0 if and only
if
corankO[[G]]
(
Sel(Af (j)/F∞)
)
= |F : Q|.
Proof. The proof is essentially similar to that in Theorem 2.2. The only thing which perhaps requires
additional attention is to establish the analog of Lemma 2.3. Since p split completely in F/Q and F∞/F
is totally ramified at all primes of F above p, we see that F∞,w is the cyclotomic Zp-extension of Fv, where
v is a prime of F above p and w is a prime of F∞ above v. Therefore, we may apply [38, Theorem 0.6]
to conclude that Jv
(
Af (j)/F∞
)
= 0. For a prime v that does not divide p and does not split completely,
the same argument in Lemma 2.3 shows that Jv
(
Af (j)/F∞
)
is cotorsion over Zp[[G]].
It therefore remains to analyse Jv
(
Af (j)/F∞
)
for those primes not above v at which v split completely
in F∞/F . In this case, it follows from the hypothesis H
0(Fv, V
∗
f (1 − j)) = 0 that we have a O-torsion
module H0(Fv, A
∗
f (1− j)) injecting into H
1(Fv, T
∗
f (1− j)). As the latter is finitely generated over O, we
have that H0(Fv, A
∗
f (1− j)) is finite. It then follows from this observation and [19, Proposition 4.3] that
Jv
(
Af (j)/F∞
)
is cotorsion over Zp[[G]]. (Actually, Kidwell works with ordinary modular form. But since
this part of the argument is concerned with primes outside p, one can check easily that his argument
carries over to this non-ordinary context.) The remainder of the proof then proceeds as in Theorem
2.2.
The next result is an analog of Proposition 3.1 which establishes the exactness of the defining sequence
of the Selmer group of our non-ordinary modular form.
Proposition 5.2. Retain the assumptions of Theorem 5.1. Assume that H2(GS(F∞), Af (j)) = 0 and
Af (j)(F∞) is finite. Then we have a short exact sequence
0 −→ Sel(Af (j)/F∞) −→ H
1
(
GS(F∞), Af (j)
)
−→
⊕
v∈S
Jv(Af (j)/F∞) −→ 0.
Proof. Again, the proof proceeds similarly to that in Proposition 3.1.
Remark 5.3. The condition of Af (j)(F∞) being finite is rather mild. In fact, this group is even trivial
in many cases (see [22, Lemma 4.4, and Assumptions 1 and 2])
We end with the following analog of Theorem 4.1 which also refines [23, Theorem 3.5].
Theorem 5.4. Retain the assumptions of Theorem 5.1. Suppose that H2(GS(F∞), Af (j)) = 0 and that
Af (j)(F∞) = 0. Then X(Af (j)/F∞) has no non-trivial finite O[[G]]-submodule.
Proof. This follows from a similar argument to that in Theorem 4.1.
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